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3D inverse problems in medical imaging

(a) Limited-angle CT (LA-CT) (c) Compressed-sensing MRI
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Results (8-view sparse CT)
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Coherent results across the whole volume
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Results: general inverse problem solver

Sparse-view tomography Limited-angle tomography Compressed-sensing MRI

In-distribution Out-of-distribution
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Diffusion models

Reverse denoising process
Generate data from noise by denoising, learned

Data Noise

A A A A A A

po(xe—1]x¢) = N (po(xe,t), 7 T)
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Inverse problems

noise
Imaging system
D
~
X A n

Imaging systems cast as the above forward model
* Acquiring the image x: inverse problem
« System naturally ill-posed: what is the best solution?

* Ex: microscopy, MRI, CT, optics, etc.
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Diffusion models for inverse problems (DIS)

y = Hxg + Z

Gaussian noise

Denoise Updated denoise result

Diffusion Model —>.—é
Xt

Wang et al., “Zero-shot image restoration using denoising diffusion null-space models”, ICLR 2023

Linear combination
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Diffusion models & Bayesian inference

Reverse SDE
@— dx = [f(x,t) — g(t)*V,logp,(x)]dt + g(t)dw

@= dx = f(x,t)dt + g(t)dw @
Forward SDE

Measurement Denoiser
process

Song et al., “Score-based generative modeling through stochastic differential equations”, ICLR 2021
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DIS heavily focused on 2D problems

DDRM DPS

Linear

(a) Inpainting (c) Gaussian deblur

Non-linear

(e) Phase retrieval

Kawar et al., “Denoising Diffusion Restoration Models”, NeurlPS 2022

Noiseless Noisy with oy, = 0.1

(a) Super-resolution

(d) Colorization (Noisy with o, = 0.1)

Chung et al., “Diffusion Posterior Sampling for General Noisy Inverse Problems”, ICLR 2023
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DIS heavily focused on 2D problems

Song et al. Score-MRI

Reverse SDE

!

Aouaysisuod

————————

10301paid
eleq
!
103021400
|
ejeq

Kouaysisuod

Reverse
SDE

consistency

Song et al., “Solving inverse problems in medical imaging with score-based generative models”, ICLR 2022

Chung et al., “Score-based diffusion models for accelerated MRI”, MeDIA 2022
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Practical 3D Inverse Problems

(a) Limited-angle CT (LA-CT) (c) Compressed-sensing MRI

measurement

3D volume Fourier Transform k-space

Under-sampled
Aliased volume measurement
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3D problems?
® 3D representations are memory heavy
* Voxels: Hard to deal with > 128”3 data
* Point clouds / Mesh / NeRF: Compact representation, but not suitable for
medical imaging inverse problems
® 3D voxel diffusion?
« The whole diffusion process stays in the data dimension

« Computationally too heavy
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DiffusionMBIR: factored prior

Posterior Likelihood (given)
P (x]y) o pp ()P (y[X)

Prior (our interest)
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DiffusionMBIR: factored prior

e (x) = py° (X)p?(x)

Proposal: factored prior
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Diffusion + model-based prior

pe(X) = pp” ()p*(x)

Proposal: factored prior

Xy ~ Generative diffusion prior (xy):
vX lOg p@ (X) = 5p* (X) Pre-trained 2D diffusion model
7 _ 7 Model-based prior (z):
o lOg p (X) =TV (X) Total-variation to impose smoothness
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Reverse diffusion + ADMM optimization

1. Denoising with score function (parallel)
x'; < Denoise(X;.{,Sg*)

2. Data consistency + TV prior augmenting (joint)

xi < argmin = |ly — AXlI3 + (1D,
X/
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Reverse diffusion + ADMM optimization

1. Denoising with score function (parallel) y
Vylogpy” (x)

x'; < Denoise(X;.{,Sg*)

2. Data consistency + TV prior augmenting (joint)

xi — argmin = |ly — AXlI3 + (1D,
X/ . . : ,

—log p(y|x) —logp?(x)
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Reverse diffusion + ADMM optimization

1. Score function denoising (parallel)

|

2. ADMM-TV (joint)

ADMM-TV ’
l l 7l
] LE
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Fast DiffusionMBIR

Algorithm 1 DiffusionMBIR concept

Require: sp-, N

2: fori = N — 1 . O do > Reverse diffusion
3 x’ < Denoise(x;+1, Sg+)

v @, e argming illy — A3+ | D.a),

5: end for

6: return x

Running optimization per denoising step would be too costly
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Fast DiffusionMBIR

Algorithm 2 Diffusion-MBIR (fast; variable sharing)

Require: sop. N, \, p, {0}

]n-

10:
11:
12:

. ZN ¢ torch.zeros_like(x;)
. wy ¢ torch.zeros_like(&;) .
cfor:=N—-1:0do > SDE iteration

2
3
4
5
6:
7
8
9

N ~ N(O. O‘%I) Sharing primal/dual variables
« Warm start

Much faster convergence

Tj < Tiqp1 + (gz'ngl - 532)39($z'+1= Oiy1)

e ~N(0,1)
2

i+1
ACG — ATA -+ ;’JD;DE
bee ATy + (JDE (P’-na:+1 — ‘1U1'+1)
x; + CG(Acg, beg, 1)
Zi < S}./p(Dza:i + wi+1)
w; < wiy +D.x; — z;

13: end for
14: return x
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Fast DiffusionMBIR

Algorithm 2 Diffusion-MBIR (fast; variable sharing)

Require: sop. N, \, p, {0}
I: TN NN(O O‘%I)

2: zy + torch.zeros_like(&;)

3: wy ¢ torch.zeros_like(Z;)

4: for . = N —1:0do > SDE iteration

S Ti < Tip1 + (07,1 — 07)S0(Tit1,0i11) -
N e ~ N(0.T) :I Score update (denoising)
7. T, — T + \/gigﬂ — o2 * Prior in xy dimension
8: Acg AT A -+ ;’JD;DE

0: bCG < AT’y -+ [JD? (ng;_|_1 — ‘lUg'_|_1)

10: €Tr; < CG(ACGp bCG: ]_)

11: Z; *i—S}l/p(Dzﬂ?i—F‘lUi_Fl)

12: W; < Wiy + Dzﬂﬂi — Zj

13: end for

14: return x
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Fast DiffusionMBIR

Algorithm 2 Diffusion-MBIR (fast; variable sharing)

Require: sop. N, \, p, {0}

]n-

10:
11:
12:

2
3
4
5
6:
7
8
9

LN NN(O O‘%I)

. zN + torch.zeros_like(x;)
. wy ¢ torch.zeros_like(&;)
cfori=N—1:0do > SDE iteration

Tj < Tiqp1 + (gz'ngl - 532)39($z'+1= Oiy1)

e ~N(0,1)
2

i+1
Acg + AT A + ngDz
bec < ATy + pD! (ziy1 — wig) _
x; < CG(Ace.bee. 1) - Data consistency

Zi SA/p(Dzﬂ-?f, + wiq1) * Prior in the z dimension
W; < Wi -+ Dzﬂﬂi — Zj

ADMM-TV iteration

13: end for
14: return x
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Results: sparse-view CT
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Coherent results across the whole volume
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Results

Sparse-view tomography Limited-angle tomography Compressed-sensing MRI

In-distribution Out-of-distribution

Measurement
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Results: comparison study

SV-CT
S-view 4-view 2-view
Axial* Coronal Sagittal Axial” Coronal Sagittal Axial* Coronal Sagittal

Method PSNR 1 SSIM T PSNR 1 SSIM T PSNR T SSIM1 PSNR 1T SSIM T PSNR 1 SSIM T PSNR 7 SSIMT PSNR T SSIM T PSNR 1 SSIM 1+ PSNR 1 SSIM 1
DiffusionMBIR (ours) 33.49 0942 3518 0967 3218 0910 30.52 0914 3009 0938 27.89  0.871 24.11 0810 2315 0.841 21.72  0.766
Chung et al. 1] 28.61 0.873 28.05 0.884 2445 0.765 27.33 0855 2652 0.863 23.04 0.745 24.69  0.821 2352 0.806 20.71 0.685
Lahiri et al. [2] 21.38 0711 2389 0969 2081 0.716 2037 0652 2141 0921 1840 0665 1974 0631 1992 0720 1734 0.650
FBPConvNet 16.57 0553 19.12 0774 1811 0714 1645 0529 1947 0713 1548 0610 1631 0521 17.05 0521 11.07 0483
ADMM-TV 16.79 0645 1895 0772 17.27 0716 13.59 0618 1523 0.682 1460 0638 10.28 0409 1377 0616 1149 0.553

LA-CT CS-MRI

Axial* Coronal Sagittal Axial* Coronal Sagittal

Method PSNR 1 SSIM T PSNR T SSIM 1 PSNR T SSIM 1 Method PSNR 1 SSIM 1 PSNR T SSIM 1T PSNR T SSIM T
DiffusionMBIR (ours) 34.92  0.956 32,48 0.947 28.82 0.832 DiffusionMBIR (ours) 41.49  0.974 37.36 0,942 37.18 0.953
Chung er al. 11 26.01 0.838 2455 0.823 21.59 0.706 Score-MRI 40.38 0968 33.97 0925 34.02 0.928
Lahiri er al. 12 28.08 0.931 26.02 0.856 23.24 0.812 DuDoRNet 39.78 0974 3356 0.927 3348 0.927
Zhang er al. 26,76 0.879 2577 0.874 2292 0.841 Unet 37.15 0929 31.56 0.899 3090 0.816
ADMM TV 23.19 0793 2296 0.758 19.95 0.782 Zero-filled 3418 0923 2953 0.897 27.82 0.903

[1] Chung et al., “Improving diffusion models for inverse problems using manifold constraints”, NeurlPS 2022

[2] Lahiri et al., “Sparse-View Cone Beam CT Reconstruction Using Data-Consistent Supervised and Adversarial Learning From Scarce Training Data”, IEEE TCI 2023
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Results: out-of-distribution

(a) Mild OOD

(b) Severe OOD
i) i

)

Ground Truth

u ? ,
\ /9\ V.

Proposed

o @
29.544+0.900 32.36/0.957 29.16/0.938 30.76/0.935

Hyungjin Chung
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Thank youl!

Paper: https://arxiv.org/abs/2211.10655

Code: https://github.com/HJ-harry/DiffusionMBIR
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