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IRLS + GNC for Outlier-Robust Estimation

• Outlier-Robust Estimation:

min
𝑣∈𝒞

σ𝑖=1
𝑚 𝜌 𝑟 𝑣, 𝑑𝑖

– 𝑟 𝑣, 𝑑𝑖 : residual                𝜌: outlier-robust loss

• Graduated Non-Convexity (GNC):

– smoothing 𝜌 by some 𝜌𝜖

• Contribution: 

– we prove IRLS + GNC converges
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• Geman-McClure (GM):

– 𝜌 𝑟 =
𝑟2

1+𝑟2
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• TLS:

– 𝜌 𝑟 = min 𝑟2, 𝑐2

Challenge: Non-Smooth Non-Convex Optimization



IRLS 

min
𝑣∈𝒞

σ𝑖=1
𝑚 𝜌 𝑟 𝑣, 𝑑𝑖

• IRLS:        

– Initialize 𝑣0

– Alternate:

• Weight Update:

𝑤𝑖
𝑡+1 ←

𝜌′ 𝑟𝑖 𝑣
𝑡

𝑟 𝑣𝑡,𝑑𝑖

• Variable Update:

𝑣𝑡+1 ∈ min
𝑣∈𝒞

σ𝑖=1
𝑚 𝑤𝑖

𝑡+1 ∙ 𝑟 𝑣𝑡, 𝑑𝑖
2

• Weight Update

– Typically done in closed form

• Variable Update:

– Assume it can be done 

efficiently

• Not well-defined if 

– 𝜌 is not differentiable

Challenge: Proof of Correctness & Convergence (Rates)!



Graduated Non-Convexity 

• GNC

– Construct a smoothing 

approximation 𝜌𝜖 of 𝜌
(𝜖 > 0)

– Minimize 𝜌𝜖 instead of 𝜌, 

decrease 𝜖, and repeat

Challenge: Proof of Convergence (Rates)!

min
𝑣∈𝒞

σ𝑖=1
𝑚 𝜌 𝑟 𝑣, 𝑑𝑖

• IRLS + GNC:        

– Initialize 𝑣0 and 𝜖0

– Alternate:

• Weight Update:

𝑤𝑖
𝑡+1 ←

𝝆
𝝐𝒕
′ 𝑟 𝑣𝑡,𝑑𝑖

𝑟 𝑣𝑡,𝑑𝑖
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𝑣𝑡+1 ∈ min
𝑣∈𝒞

σ𝑖=1
𝑚 𝑤𝑖

𝑡+1 ∙ 𝑟 𝑣𝑡, 𝑑𝑖
2

• Smoothing Parameter Update:

decrease 𝜖𝑡 to obtain 𝜖𝑡+1



Main Results

• Theorem (Informal):

Under mild assumptions,

– IRLS + GNC converges 

eventually.

– IRLS converges at a 

sublinear rate [1].

– For linear regression with 

ℓ𝑝-loss, IRLS + GNC 

converges at a linear rate 

if 𝑝 = 1, or a superlinear

rate if 0 < 𝑝 < 1
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𝑣∈𝒞

σ𝑖=1
𝑚 𝜌 𝑟 𝑣, 𝑑𝑖

• IRLS + GNC:        

– Initialize 𝑣0 and 𝜖0

– Alternate:

• Weight Update:

𝑤𝑖
𝑡+1 ←

𝝆
𝝐𝒕
′ 𝑟 𝑣𝑡,𝑑𝑖

𝑟 𝑣𝑡,𝑑𝑖

• Variable Update:

𝑣𝑡+1 ∈ min
𝑣∈𝒞

σ𝑖=1
𝑚 𝑤𝑖

𝑡+1 ∙ 𝑟 𝑣𝑡, 𝑑𝑖
2

• Smoothing Parameter Update:

decrease 𝜖𝑡 to obtain 𝜖𝑡+1

[1] L. Peng and R. Vidal. Block Coordinate Descent on Smooth Manifolds. 
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